Abstract. We show, under some natural conditions, that the set of abelian (and thus also cyclotomic) multiplicatively dependent points on an irreducible curve over a number field is a finite union of preimages of roots of unity by a certain finite set of primitive characters from G n m to G m restricted to the curve, and a finite set. We also introduce the notion of primitive multiplicative dependence and obtain a finiteness result for primitively multiplicatively dependent points defined over a so-called Bogomolov extension of a number field.
Introduction
Let G m be the multiplicative algebraic group over the complex numbers C, that is G m " C˚endowed with the multiplicative group law. Let n be a positive integer with n ě 2. The points in G n m whose coordinates are roots of unity are called torsion points. In 1960s, Lang [9] conjectured that if a complex plane irreducible curve contains infinitely many torsion points, then the curve is a torsion coset of G 2 m . This was soon confirmed by Ihara, Serre and Tate; see [9] for more details.
So far, there are two ways to generalise the above result. The first is to describe torsion points on an algebraic variety of higher dimension. This leads to the torsion points theorem proved independently by Laurent [10] and Sarnak and Adams [12] . The theorem asserts that the torsion points in a subvariety Y Ď G n m all lie and are Zariski dense in a finite number of torsion cosets contained in Y . Note that the torsion points constitute a multiplicative group of rank 0. So, the other way is to consider multiplicative groups of higher ranks. This was initiated by Bombieri, Masser and Zannier [5] . We refer to [16] for more historic notes.
More precisely, the paper [5] studies the intersection of a geometrically irreducible algebraic curve X Ď G n m , defined over a number field, and the union of proper algebraic subgroups of G an n " 1, with integer exponents not all zero. Hence, the above intersection consists of the points P " pξ 1 , . . . , ξ n q P X such that the coordinates ξ 1 " x 1 pP q, . . . , ξ n " x n pP q are all non-zero and are multiplicatively dependent. In the sequel we call such points just dependent.
Let us note that any map px 1 , . . . , x n q Þ Ñ x a 1 1¨¨¨x an n , denoted by x Ñ x a in the sequel, is a (rational) homomorphism from G n m to G m , often called a character, which is non-trivial if and only if it is surjective, and in fact all rational homomorphisms G n m Ñ G m are of this shape; see [4, Proposition 3.2.17] . The set of dependent points in G n m is just the union of the kernels of these non-trivial characters.
Coming back to X, one may assume for the problems in question that it is not contained in any proper algebraic subgroup of G n m , since otherwise a (fixed) dependence occurs for all points of X. Under this assumption, X X H is finite for any such algebraic subgroup H, so that it consists of points defined over Q. Also, on varying H it is easy to see that the union of these intersections, that is, the set of dependent points on X, is infinite.
It has been proved in [5, Theorem 1] , that, under the assumption that X is not contained in any translate of a proper algebraic subgroup of G n m , the absolute logarithmic Weil height in X X H is bounded independently of H; see [4, 17] for a background on heights.
This more stringent assumption means that no equation x a 1 1¨¨¨x an n " c, for a constant c and integers a i not all zero, can hold identically on X, that is, X is not contained in any fibre of a non-trivial rational character to G m . In [5] , this hypothesis has been noted to be necessary for the bounded-height conclusion. Throughout the paper, we always assume this condition for X. Now, one can ask what can be further said on restricting the dependent points of X to be defined over proper subfields of Q. For instance, over any number field, or even just imposing some bound for the degree over Q, the mentioned bounded-height result of [5] implies that there can be only finitely many such points on X which are dependent, because of the Northcott theorem, see [4, Theorem 1.6.8] .
Other fields relevant to this context are the maximal cyclotomic fields K c , that is, fields obtained by adjoining all roots of unity to a number field K. This is especially for the reason that any point with a coordinate which is a root of unity is automatically dependent. The goal of this paper is, roughly, to describe the structure of abelian (and thus also cyclotomic) points on X which are dependent. Note for instance that the said result of [5] does not lead us to expect automatically finiteness, since the Northcott Property certainly fails for the maximal cyclotomic fields.
In fact, a situation which generates infinitely many dependent cyclotomic points on X is as follows. Suppose that the character ϕ : x " px 1 , . . . , x n q Ñ x a , where
an n , restricts on X to a birational correspondence ϕ X : X Ñ G m . Then, the inverse image ϕ´1 X pζq of any root of unity ζ "usually" consists of one point P P X, hence necessarily defined over a cyclotomic extension, and certainly by definition this point is dependent, since ϕpP q m " 1 for some m ą 0. More generally, if ϕ X is a factor of an isogeny ϕ X˝ρ : G m Ñ G m (with ρ some birational map G m Ñ X defined over K c ), again the inverse image of any root of unity produces cyclotomic points, automatically dependent.
More precisely, here we obtain the following result: In Theorem 2.1, we prove that the above situation characterises, in finite terms, all of the cyclotomic dependent points in X, and in fact we obtain a more general result for abelian dependent points in X, that is, for points from the abelian closure K ab of K. In Theorem 2.11, we obtain a similar result for a more stringent relation however for an even broader class of fields, called fields with the Bogomolov propery.
For possible applications of our results see Remark 4.2 below and [11] .
Main results
To state in precision our results, let K be a number field and let X Ď G n m be a geometrically irreducible curve defined over K. Let us denote by U Ă Q the set of all roots of unity. As before we use K c to denote the maximal cyclotomic extension of K, that is, K c " KpUq and use K ab to denote the maximal abelian extension over K which includes but is generally much larger than K c (if K ‰ Q).
We also denote by ϕ X : X Ñ G m the restriction to X of the character ϕ on G n m . Recall that a character is called primitive if it is not of the shape ψ m for a character ψ and an integer m ą 1.
As usual, for any field L with K Ď L we write XpLq for the set of L-rational points on X.
Throughout the paper, the "height" means the "absolute logarithmic Weil height", which we denote by h : Q Ñ R X r0, 8q; see [4, 17] .
Let Φ X be the set of primitive characters ϕ : G n m Ñ G m with the property that there exists a birational isomorphism ρ : G m Ñ X such that ϕ X˝ρ is an isogeny of G m .
We also use Φ X,c to denote the subset of Φ X consisting of those characters for which ρ can be defined over K c
We now present our main result:
Theorem 2.1. Suppose that X is not contained in any translate of a proper algebraic subgroup of G n m . Then, Φ X is a finite set, and the set of dependent points in XpK ab q is the union of the set Ť ϕPΦ X,c ϕ´1 X pUq and a finite set.
Remark 2.2 (Cyclotomic dependent points).
Since such birational isomorphisms ρ corresponding to characters in the set Φ X,c are defined over K c , it is easy to see that for any ϕ P Φ X,c , we have ϕ´1 X pUq Ď XpK c q. So, the set of dependent points in XpK c q is also the union of the set Ť ϕPΦ X,c ϕ´1 X pUq and a finite set.
Taking into account Remark 2.2 we immediately derive:
Under the conditions of Theorem 2.1, the set of dependent points in XpK ab q is the union of a finite set with the set of dependent points in XpK c q.
Remark 2.4 (Curves of positive genus).
Note that if Φ X,c is empty, Theorem 2.1 implies that the set of dependent points in XpK ab q is finite. For instance, this automatically occurs if X has genus g X ą 0. Indeed, to see this, it is enough to notice that G m cannot be birationally isomorphic to X when g X ą 0. However, even if g X " 0, for Φ X,c to be nonempty we need the severe condition that some monomial in the coordinate functions on X is a power of a rational function on X of degree 1.
Remark 2.5 (Elliptic curves with complex multiplication). Let E be an elliptic curve defined by an affine Weierstrass equation over K which has complex multiplication. Without loss of generality, we can assume that K contains the endomorphism ring of E. Then, it is well-known that (see, for instance, [14] ) the field generated over K by all the Etorsion points (that is, torsion points in the sense of elliptic curves) is contained in K ab . So, from Remark 2.4, we know that there are only finitely many E-torsion points which are also dependent.
Remark 2.6 (Tightness of the assumptions).
The assumption of Theorem 2.1 that X is not contained in any translate of a proper algebraic subgroup cannot be replaced with the weaker (obviously necessary) one that X is not contained in any proper algebraic subgroup. This is shown for instance by the example
2`1 u. Then, X has genus 1 (so Φ X,c is empty), whereas the infinitely many points p2, 2 m , ? 2 3m`1 q P XpQ c q, m P Z, are clearly dependent; also, it is very easy to check that X is not contained in any proper algebraic subgroup. Here, ? 2 3m`1 P Q c due to the Kronecker-Weber theorem.
Remark 2.7 (Effectiveness). The proof in Section 3 below shows that if X is given effectively, then Φ X,c and the finite set appearing in Theorem 2.1 may be effectively computed.
Remark 2.8 (Nontriviality of isogenies).
In general, the isogeny mentioned in the definition of Φ X,c cannot be taken trivial. This is equivalent to saying that Φ X,c cannot be generally replaced with the set of characters whose restriction to X induces a birational isomorphism X -G m . For an explicit case, see the following Example 2.9.
One can check that Φ X,c consists of the characters x˘1 1 , x˘1 2 . Note that setting x 1 " ζ, a root of unity, indeed yields the cyclotomic dependent points pζ, µ`1q on X, where µ d " ζ. Similarly, we may set x 2 " ζ and get ppζ´1q d , ζq. For any number field K, Theorem 2.1 implies that these families of points account for all but finitely many dependent points in XpK c q. In particular, we recover that equations of the shape x m px´1q
n " 1 cannot "generally" be solved within K c .
One can also supplement Theorem 2.1 with even more explicit descriptions of the dependent points, which would follow as corollaries of its statement (and partially of its proof). In turn, this may lead to other consequences. Here, we do not pursue in this task and limit to the natural question whether a dependence relation ξ a 1 1¨¨¨ξ an n " 1 for P " pξ 1 , . . . , ξ n q P XpQq can be primitive, that is, with coprime exponents gcdpa 1 , . . . , a n q " 1. We say that the corresponding point P is primitively dependent.
In fact, the set of primitively dependent points on X is nothing else than the intersection of X with the union of connected proper algebraic subgroups of G n m . We need to recall the notion of a field with the Bogomolov Property; see [2] : Definition 2.10. We say that a subfield L of Q has the Bogomolov Property if there exists a constant CpLq ą 0 which depends only on L, such that for any α P L˚zU we have hpαq ě CpLq.
For example, in view of [3] , we can choose L " K c , or even L " K ab , see [2] for further examples.
Then we have the following:
Theorem 2.11. Under the assumptions of Theorem 2.1 on X, if L is a field with the Bogomolov Property over K, then there are only finitely many primitively dependent points in XpLq.
The same example as in Remark 2.6 shows that again the assumptions on X cannot be weakened. Also, it is easy to see that the set of primitively dependent points in XpQq is always infinite.
As an analogue of Remark 2.5, we record the following remark.
Remark 2.12 (Elliptic curves). Let E be an elliptic curve defined by an affine Weierstrass equation over Q. By a result of Habegger [8, Theorem 1], the field generated over Q by all the E-torsion points satisfies the Bogomolov Property. So, it follows from Theorem 2.11 that there are only finitely many E-torsion points which are also primitively dependent.
3. Proofs 3.1. Notation. We also recall that the notation A ! B (sometimes we write this also as B " A) is equivalent to the inequality |A| ď cB for some constant c, which throughout the paper may depend on K and X.
3.2.
Proof of Theorem 2.1. We divide the proof into three steps. We first show that Φ X is finite, which is our
Step (I), and then we prove the second assertion. From Remark 2.2, we know that the set Ť ϕPΦ X,c ϕ´1 X pUq is contained in XpK ab q and its elements are dependent points. Besides, any dependent point in XpK ab q is, by definition, mapped to a root of unity under some character ϕ of G n m . So, for the second assertion, we only need to prove that there are only finitely many choices of such a character ϕ, which we do at Step (II), and if there are infinitely many points in XpK ab q sent to a root of unity by ϕ, then ϕ P Φ X,c , which is done at Step (III).
Step (I): Proving the finiteness of Φ X .
Let r X be a smooth projective curve defined over K and K-birational to X. For a character ϕ, the restriction ϕ X to X is a rational function on X, so it is also a rational function on r X and we may consider its divisor divpϕ X q in the set of divisors Divp r Xq of r X; see [4, Appendix A] for a background on divisors.
We then have a map (a homomorphism) ϕ Þ Ñ divpϕ X q P Divp r Xq which associates to a (rational) character ϕ : G n m Ñ G m the divisor in r X of ϕ X . Note that this map is injective, since any ϕ in the kernel yields a constant ϕ X , which cannot happen in virtue of our assumption on X. Then, it suffices to show that the image of this map on Φ X is finite.
Let ϕ P Φ X , so we may write ϕ X˝ρ ptq " t d , where ρ : G m Ñ X is a birational isomorphism and t is a coordinate on G m . In fact, we may extend ρ to an isomorphism ρ : P 1 Ñ r X, and the same equation holds on viewing ϕ X as a map from r X to the projective line P 1 . Hence, it appears that ϕ X can have only one zero and one pole, and so its divisor is of the shape mppP q´pQqq for P, Q distinct points on r X. But since ϕ is a monomial in the coordinates, these P, Q necessarily lie among the zeros and poles of the coordinate functions x 1 , . . . , x n viewed as functions on r X, so P, Q have only finitely many possibilities.
Finally, for given P, Q, let ϕ, ψ P Φ X correspond to P, Q, such that div pϕ X q " ℓppP q´pQqq and div pψ X q " mppP q´pQqq for integers ℓ and m. Then divppϕ m {ψ ℓ q X q " 0, so in fact ϕ m " ψ ℓ by the above injectivity. But both ϕ, ψ are primitive and this yields ℓ "˘m. Hence, each pair P, Q can give rise to at most two elements of Φ X , and, combined with already established finiteness of the choices for P and Q, the finiteness of Φ X follows.
Step (II): Describing the characters.
To go ahead, we start with some arguments similar to those for [5, Theorem 2] (see also [16, Chapter 2] ).
Let P P XpK ab q be a dependent point, so the coordinates ξ i " x i pP q generate a multiplicative subgroup Γ P Ă pK ab q˚of rank r ď n´1. We may thus write (on invoking elementary abelian group decomposition)
for generators g i P QpP q of the torsion-free part of Γ P , integers m ij and roots of unity ζ i P QpP q. Now, by an argument coming from the geometry of numbers we may actually find the generators g i so that, for any integers b 1 , . . . , b r , (2) hpg
br r q ě c r p|b 1 |hpg 1 q`. . .`|b r |hpg r, where c r ą 0 is a positive number depending only on r; see [5, Lemma 2] (which in turn refers to a previous result of Schlickewei [13] ). Now, by the already mentioned [5, Theorem 1], the height of dependent points in XpQq is uniformly bounded, so that
Using then the inequality (2) to bound below the height of ξ i in (1), we find
where the implicit constant depends only on X and the ambient dimension n.
In [5] , this kind of inequality is exploited with r ď n´2 on using certain lower bounds for heights coming from a higher-dimensional version of lower bounds of Dobrowoski, due to Amoroso and David [1] . Here we may well have r " n´1, however we may take advantage of the fact that the g i are in K ab (and certainly they are not roots of unity since they are multiplicatively independent). For these fields an absolute lower bound for the height has been proved by Amoroso and Zannier [3] . Specifically, by [3, Theorem 1.2], applied with α " g j we have (4) hpg j q " 1,
where now the implicit constant depends only on K (in fact only on the degree rK : Qs). So, here we indeed need that the point P is defined over K ab (the other place we need this is in the end of Step (III) below).
Combining (3) with (4), we obtain that the absolute values |m ij | are upper bounded independently of any dependent point P P XpK ab q. We may now consider separately the finitely many possibilities which arise for the m ij and thus in the sequel we may suppose that the m ij are fixed, that is, independent of P .
Let now pb 1 , . . . , b n q P Z n be a nonzero integer vector orthogonal to the pm 1j , . . . , m nj q, j " 1, . . . , r. Since r ă n, such an integer vector exists, and we may view it as fixed, like for the integers m ij ; we may also take it primitive (that is, with coprime coordinates). The previous equations (1) for ξ 1 , . . . ξ n yield (5) ξ
bn n " ζ P , where ζ P is a root of unity (which depends on P ). Let us denote by π : x Þ Ñ x b the character so obtained, which is primitive in our above meaning.
Note that this character π is taken from a prescribed finite set, and it sends the point P to a root of unity; in fact, this is already an approach to Theorem 2.1. What is missing are the properties of the character stated in Theorem 2.1. So, to complete the proof, we only need to show that if infinitely many points P P XpK ab q are sent to a root of unity by π, then π is in Φ X,c .
Step (III): Proving that π P Φ X,c . For this we use [15, Theorem 2.1] (we note that in the case of XpK c q the result of [6, Theorem 1] is also sufficient).
Let T k be the set of torsion points of G k m , k ě 1. For a rational map τ from a geometrically irreducible variety Y to G k m , the (PB) condition in [15] means that for any integer m ą 0, the pullback G k mˆr ms,τ Y is geometrically irreducible, where rms is the m-th power map. The result in [15, Theorem 2.1] asserts that: (6) if τ is a cover pthat is, dominant rational map of finite degreeq defined over K c and satisfies the (PB) condition, there exists a finite union W of proper torsion cosets such that if v P T k zW , then v P τ pY q and if τ puq " v, then rK c puq :
So, in order to apply (6), we need to construct a suitable cover τ related to the character π. For this, we first factor π X according to [15, Proposition 2.1] into an isogeny of algebraic groups and a rational map satisfying the (PB) condition, from which we can construct a suitable cover. Then, we choose a point u such that we can compute the degree rK c puq : K c s from two different ways (including (6)) and yield that deg τ " 1 and so τ is an isomorphism, which leads to π P Φ X,c .
We first show that π X is a cover. In the equation (5), fixing a root of unity for the right-hand side gives a proper algebraic subgroup H of G n m . Since X X H is finite and there are infinitely many P P XpK ab q such that π X pP q is a root of unity, we must have that U X π X pXpK abis infinite, and thus it is Zariski dense in G m because obviously (by the finiteness of the roots of a nontrivial univariate polynomial) any closed subset in G m is either finite or is G m itself. Hence, π X : X Ñ G m is a cover.
We can now factor π X as λ 0˝ρ0 according to the second claim of [ (7) rms : x Þ Ñ x m , for some integer m ě 1. Under the power map, we can see that G m modulo the kernel (that is, the finite subgroup) is isomorphic to G m . Therefore, Y is in fact isomorphic to G m as algebraic groups. Hence, we in fact can factor
where ρ : X Ñ G m is a rational map satisfying the (PB) condition, and the m-th power map rms : G m Ñ G m is given by (7) (see [4, Proposition 3.2.17] ). Since there are only finitely many such characters π (and also π X ), and so there are only finitely many such integers m, we add all m-th roots of unity into K. In other words, we enlarge the field K by adding finitely many roots of unity. Since π and rms are defined over Q, by (8) we know that ρ is defined over K (alternatively, over K c if we do not enlarge the field K). Furthermore, for any point P P XpK ab q and any Galois automorphism σ over K, denoting by P σ the image of P under σ, by definition we have (9) ρpP σ q " ρpP q σ .
Since π X is a cover, the map ρ is also a cover. Indeed, if ρ is not a cover, then by definition the image of ρ is not dense in G m , which by (8) implies that the image of π X is not dense either, contradicting to the fact that π X is a cover. Now, we define the product cover ψ " ρˆρ : XˆX Ñ G 2 m -G mˆGm , which is also defined over K. Since the cover ρ satisfies the (PB) condition, the same is true for the cover ψ. Clearly, we have deg ψ " pdeg ρq 2 . The cover ψ is exactly what we want for invoking (6) . The rest is to choose a suitable point.
Since X is defined over K, if P P XpK ab q, then P σ P XpK ab q for any Galois automorphism σ over K. Note that for any point P P XpK ab q, by (8) , π X pP q is a root of unity if and only if ρpP q is a root of unity. So, in view of the infinity of U Xπ X pXpK ab qq, we know that U XρpXpK abis also infinite. Thus, considering the set S of images of points of the form pP, P σ q under ψ for any P P ρ´1pUq X XpK ab q and any Galois automorphism σ over K, S is an infinite set and is a torsion subset of G 2 m , whose elements by (9) have the form pζ, ζ σ q for some root of unity ζ. Applying (6) to both ρ and ψ and noticing that each proper torsion coset of G 2 m contains only finitely many torsion points of such form pζ, ζ σ q, there exist an element pζ, ζ σ q P S and a point pP, P σ q with P P XpK ab q mapped to pζ, ζ σ q under ψ such that
On the other hand, since P P XpK ab q, the field extension KpP q{K is automatically normal, whence it contains KpP σ q for any conjugate P σ of P over K. So, we obtain rKpP, P σ q : Ks " rKpP q : Ks " deg ρ.
Hence, we must have deg ρ " 1. That is, ρ is an isomorphism. So, by (8), we have π X˝ρ´1 " rms, which is an isogeny of G m , and thus π P Φ X,c . This completes the proof.
3.3. Proof of Theorem 2.11. Let P " pξ 1 , . . . , ξ n q P XpLq be a primitively dependent point, and let ξ a 1 1¨¨¨ξ
an n " 1 be a primitive relation, that is, with the a i coprime integers.
We could indeed use the result of Theorem 2.1 for the proof if L " K ab , but it is as easy to go again through the proof. Arguing exactly as in the previous proof (the equation (4) still holds since L has the Bogomolov Property), we find bounded integers m ij , 1 ď i ď n, 1 ď j ď r, and generators g j for the group ξ Z 1¨¨¨ξ Z n as above. Here r is again the rank of such group. It follows that the vectors pm 1j , . . . , m nj q, j " 1, . . . , r, are linearly independent.
Note that pa 1 , . . . , a n q must be orthogonal to the pm 1j , . . . , m nj q, j " 1, . . . , r, by the independence of the g j .
If r " n´1, then the space orthogonal to the pm 1j , . . . , m nj q, j " 1, . . . , r, has dimension 1, hence pa 1 , . . . , a n q is uniquely determined up to sign, since it is primitive. Hence, since the m ij are bounded, it has only finitely many possibilities, and the equation x a 1 1¨¨¨x an n " 1 yields only finitely many points P P X.
Therefore we may assume that r ď n´2. Now, we could conclude immediately by using [5, Theorem 2], which yields finiteness for points verifying two or more independent multiplicative relations. But we can conclude in an easier way, without using such result.
For this, let us start by observing that a standard argument yields two independent vectors pb 1 , . . . , b n q and pc 1 , . . . , c n q orthogonal to the vectors pm 1j , . . . , m nj q, j " 1, . . . , r, and bounded independently of P (since the m ij are likewise bounded). Hence, we may assume that these vectors are fixed for an infinity of the points P in question. Let ϕ, ψ be the corresponding characters, which are multiplicatively independent. Then, ϕpP q and ψpP q are both roots of unity. The map pϕ, ψq : G If these points make up an infinite set, then Y is a translate of a torus. But then, by the multiplicative independence of ϕ and ψ, X is contained in a nontrivial translate of an algebraic subgroup, against the assumptions. Hence, there are only finitely many points ϕpP q, which then implies that P lies in a finite set.
Possible generalisations and applications

Remark 4.1 (Higher dimensions).
One may ask what happens for higher dimensional varieties in place of the curve X. Now the boundedheight result of [5] , which is a crucial tool for the present proofs, is not true in the most obvious generalization, but a correct analogue has been proved by Habegger [7] . Probably this leads to higher-dimensional analogues of the present conclusions.
Remark 4.2 (Multiplicative dependence of rational values).
We recall that any n rational functions over K in one variable t, not all constant, always parametrize a curve X, which is rational over K. Hence, our results can be used to investigate multiplicative dependence of the values on K c (or more generally on K ab ) of given rational functions in Kptq. To satisfy the necessary condition of Theorem 2.1, we have to make a natural assumption that there is no nontrivial product of these rational functions which is a constant function. We refer to [11] for some partial results.
